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The one-loop effective action for non-minimal scalar modified gravity on de Sitter background 
with a constant scalar field is found. The corresponding induced cosmological constant is evaluated. 
It is shown that quantum effects in non-minimal modified gravity may induce an early-time de Sitter 
universe even in the situation when such solution does not occur on the classical level. Classical 
reconstruction of the theory is presented in such a way that the resulting theory has a cosmological 
solution unifying early-time inflation with late-time acceleration. 

PACS numbers: 98.80.-k,04.50.+h,11.10.Kk,11.10.Wx 

I. INTRODUCTION 

It has become clear recently that modified gravity may suggest a very natural gravitational alternative for 
the unified description of the early-time and the late-time accelerating epochs of our universe (for a review 
and comparison of different modified gravities, see In this scenario, the universe evolution (decrease 
of the universe curvature) defines the gravitational sector which describes the evolution in its own turn. 
Starting from the first modified gravity which unifies early-time inflation with late-time acceleration, and 
which is consistent with the local tests @, a number of realistic unified alternative gravities of this kind 
has been proposed (for a list and detailed classification, see 0)). A very interesting sub-class of modified 
gravities is the so-called non-minimal gravity (for a review, see Q). That is the theory where the gravity 
function couples with the whole matter sector (in the Lagrangian description) . It has been proven that such 
non-minimal models can easily describe the dark energy epoch 

In the present paper we consider some cosmological and related quantum aspects of a scalar theory with 
a non- minimal interaction with gravity. More precisely, we assume the "coupling constant" f(R) between 
the scalar sector and gravity to depend explicitly on the scalar curvature. The one-loop effective action and 
the corresponding induced cosmological constant for some versions of such non-minimal gravity on the de 
Sitter background with a constant scalar will be found. It is demonstrated in the following that, even when 
starting from flat space, the quantum effects induce an early-time de Sitter phase (early-time inflation) in the 
non-minimal gravity theory. This may be the origin of the early-time inflation in such models. The classical 
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cosmological reconstruction for non-minimal theories is developed. Within such scheme, the possibility of 
the unification of the inflation with the dark energy epoch will be demonstrated. 

The paper is organized as follows. In Sect. |TT] we investigate the scalar non-minimal models from the 
classical point of view and derive the conditions for the existence of (anti-)de Sitter and Minkowski solutions. 
The third section is devoted to the development of the classical reconstruction scheme for the above non- 
minimal theory. Using such technique, the non-minimal theory unifying early-time inflation with late-time 
acceleration is reconstructed. The reconstruction of the models having the de Sitter solutions with a time- 
dependent background scalar is also done. In Sect. IIV1 for the scalar non-minimal model, we compute the 
one-loop effective action on a maximally symmetric background with constant scalar and derive the explicit 
"on-" and "off-shell" expressions. The one-loop, gauge-fixing independent effective action is also evaluated. 

Section [V] is devoted to the calculation of the induced cosmological constant, which can be interpreted 
as the vacuum energy due to quantum fluctuations of the gravitational field and of the matter ones on the 
background manifold. The one-loop effective action of the previous section is used in this calculation. In 
section six we study the induced cosmological constant for several non-minimal models on the de Sitter 
background in the large-curvature limit. It is explicitly shown there that the one- loop effective action may 
induce the de Sitter space at the quantum level, even in the situation when such classical solution is absent. 
Some summary is presented in the final section. 



II. SCALAR NON-MINIMAL MODIFIED GRAVITY 



We start from the model introduced in Rcf. [5|, |6j, which is characterized by a non- minimal coupling 
between gravity and the scalar field sector. It has been proposed as a viable model of modified gravity [f|, 
which can describe the late-time acceleration epoch. Different aspects of such theory have been studied, 
including the induced cosmological constant Q, some cosmological aspects, and the appearance of an extra 
force [1,11] (for a review, see The action is taken to be 



S 



d 4 x^[-R + f(R)L s ] 



(1) 



where 



L s = --g«d i( l>d j( l>-V(ct>) 



(2) 



is the Lagrangian density of a scalar field (f> with an arbitrary potential V(cj>). The classical field equations 
following from |T]) read 



% " ~ R9ii = \ f(R)Tf 3 + \9ij □ - ViV,- + FUj) [f{R)L s ] , 



(3) 



A [V=gf(R)g l] d^] + f(R)V'(<p) = o, 



(4) 



where 



T 



(5) 



is the standard energy-momentum tensor of the scalar field. 

The action ([1]) has a (anti)de Sitter solution (Rq,(/)q), with constant curvature Rq and constant field </>o, 
if the following conditions are fulfilled: 



Ro - Ro f'(R )V((j> ) + 2f(Ro)V(<j> ) = , f(Ro)V (<fo) = 



(6) 
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In order to satisfy the last condition we can choose V'((f>o) = or f(Ro) = 0. We also note that, if V(<po) — 0, 
then the solution is flat, but one can have Minkowski space solution without restrictions on the potential, if 
/(0)=0. 

The stability of the solutions above with respect to homogeneous perturbations can be obtained by using 
method of Refs. [l(l[ll||. One easily gets 

l + f(Ro)V(M 

Rof"(RoV(M ' 1 ' 

The field equation for the scalar field can be written in the form 

D4>-V\4>)=0, (8) 

It is interesting to note that in the case of vanishing potential there are no solutions with constant R = Rq, 
since in such a case from Eqs. ([3]) and (g]) we get 

□0 = 0, R+[2f(R)-Rf'(R)} 2^tM =0 (9) 

In the FRW background, the first equation has the following form: 

□0 = l^(V^Uo, (io) 

a 3 dt V dt J y ' 

which can be solved as 

f-C.-. (U) 

Here C is a constant of integration and a is a scale factor. Then the second equation in {2} has the following 
form: 

- w^w -^'-^' (12) 

In the de Sitter background, the l.h.s. is a constant but the scale factor a is not a constant in the expanding 
universe. Then, unless C ^ 0, there is not consistent solution but C ^ implies R = 0, which is the flat 
space-time. 

The stability of the solution can be obtained by using 11']. We have 

1 + fl2/ W 1>0, (13) 



a 2 R f"(R ) 

which agrees with the standard result when a — 1. 



III. COSMOLOGICAL RECONSTRUCTION AND THE UNIFICATION OF THE INFLATION 

EPOCH WITH DARK ENERGY 

In this section we consider how one can construct a classical model which reproduces an almost arbitrary 
time evolution of the universe. Note that a general scheme of cosmological reconstruction of modified gravity 
has been developed for a number of modified gravities (for review, see [l2T | based on the technique developed 
in Refs. [HI, [Hj]). The same method will be applied below. The starting action is JT]) with ([2]). We redefine 
the scalar field by using an adequate function h as (j> = h(ip). Then Eq. ((2]) has the following form: 



L s = -~u(<p)g i *d i <pd j <p-V(<p), Lo(<p)^h'( v ) 2 , V(<p) = V(h(<p)) 



(14) 
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Especially by choosing h properly, one may identify ip as a time coordinate. 

In the FRW background with a flat spatial part, the equation corresponding to the first FRW equation 
has the following form: 



3H 



_> _ f(R) fu^ti 2 



V{tp) 



3 <^ H 



dt 



H + H' 



f'(R) 



Ufa) ^2 



V(<p) 



Here the scalar curvature is R = 6H + 12H 2 . On the other hand, by variation over ip, we find 



o = f(R) 



W V'(<p)\ -(j t + 3H\ {f(R)u>(<p)<p} . 



Identifying ipasa cosmological time coordinate tp = t, Eqs. (|15p and (|16|) can be rewritten as 



m 1 = 



f(R(t)) 



= f(R{t))p'{t)-{- 



H + H 2 )^(f(R(t))p(t)), 
3H) {f(R(t))(p(t)+p(t))} . 



Here 



V{ip) , p((f) 



>{<P) 



(15) 

(16) 

(17) 
(18) 

(19) 



In the following, we consider the cosmological reconstruction of the model (for a general review of recon- 
struction in different modified gravities, see [12l|). that is, given the specific time- development of the scale 
factor a or the Hubble rate H, we construct a model which reproduces such evolution. Although only one 
function a — a(t) or H = H(t) is given, we have two functions f(R) and V(</>) in the action (JTJ). Then, 
in principle one of the functions can be arbitrary. For example, if we choose f(R) = 1, we have the usual 
scalar-tensor theory [15j . Now we choose 



f(RW = fo ■ 



(20) 



Here fo is a constant. If one solves R = R(t) with respect to t as t = T(R) for a given scale factor a = a(t), 
f(R) is explicitly given by f(R) = fo/a (T (R)) 3 . For example, the scale factor of the universe with one kind 
of perfect fluid, with constant EoS parameter w, is given by a cx i 2 / 3 ( 1 + u '); then F(R) cx R~ 1 / 3 ( 1+w \ Note 
that we cannot choose (|20p for the de Sitter solution with f(R) being a constant, since R is a constant but 
a is not in de Sitter universe. In the asymptotic de Sitter universe, where R is not exactly constant, we can 
choose (|20p as we will later see. 

For given a = a(t) or H = H(t), which yields R = R(t), Eqs. (|17[) and (fT5|) can be solved with respect to 
p{4>) andp(0), as follows 



p{v>) = 

P(<f) = 
Q(t) = 



6a jt)- 
a(t)H(t) 



TT(tV Q{t) \ 



- t—tp 



Q(t')dt' 
a(t')*H(t')< 



t — if 



dt 



'a^) 3 (2H(t')H(t') + ZH(t') 



(21) 

(22) 
(23) 



From p(ip) and p(ip), one finds the explicit form of u}(<p) and V{<p), by using ([19 
As an example, we consider the following Hubble rate 



(24) 
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Here, Hi, Hj, a, and /3 are positive constants. When t — > — oo, we find H(t) — > Hj, which may be identified 
with the inflation of the early universe and, when t — > +00, H (t) — > Hi, which may be identified with the 
accelerated expansion of the late universe. Eq. (pM|) yields 

o(t) = a Q e Hlt {e at + p) (HL - Hl)/a , 

12ff£e 2at + {2Af}H L H! + 6a/3 (ff L - H T )} e at + 12/3 2 ff 2 

- (c^T^f ' (25) 

which give the forms of f(R), uj(tp), and V(ip) by using fig]). ![2T?|). (j2"Tj) . and P5]). 

We now consider the asymptotic form of f(R), u>{tp), and V(y), in the limit t — > ±00, for the model in 
(|2~i| . For simplicity, we may choose a = H\ and (3=1. First, we consider the behaviors of f(R), w(<p), and 
V(<p) when t — > —00. Since Hj 3> i?L, we find 

H(t) ~ flj (1 - e H **) , o(t) - a e Hlt (l - e H '*) , i? - 12J?| ( 1 - ^e^*) , (26) 



which give 



/o r 2 / R \\~ 3 f 6 / i? 



12#f / J \ 5 V 12i?| 



p(^) ~ (e 5ff ' { ) , p-l-i^-^e"'*'. (27) 
Here c/?o is a constant of integration. Then, one gets 

w(^)~-^~l-Fi(^-^o)e H ^. (28) 

Note that R could be large but always R < 12Hf. 

On the other hand, when t — > +00 so that e~ HLt <C jjy <C 1, we find 

H{t) ~ H L + Hie~ Hlt , a(t) ~ a e Hl * (l - e- ffjt ) , i? - 12fff - 6H]e~ Hlt , (29) 

which give 



ag \ 6Hf J V 3#f 



pfo) ~ (e^--^)*) , p-g+e"^. (30) 



Then, one obtains 



+e-*'« ■ (3D 

Thus, the function interpolating between the two functions / above describes inflation, when £ — > —00, and 
the late-time acceleration epoch, when i — > +00. Its explicit form is however quite complicated. But in any 
case, such theory describes a perfectly unified evolution from the early-time inflation era to the late-time 
acceleration one. 

Instead, when we choose the condition ([20]) . if we consider a general f(R), by deleting p(t) in (fP7|) and 
ljl8|). we obtain 

„ . „ t) (_ 3 „ ,«<„, - sffiffl) - ^ | («fi) ) - (12 ™ + 18 ^) . , 32) 
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If f(R) is properly given, Eq. (152)) can be regarded as a differential equation for p(t) (compare with (l2l.[l3l|. 
If we find the form of p((f) , by solving (|32[) , we also find the form of p((p) by using (jT9|) , as 
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f(R(t)) 



H{tf + ( H(t)- H(t) H(tf ) {/' (R (t))p(t)} 



t — ip 



For an example, we consider the de Sitter space where H is a constant H = Hq. Then, Eq. 

,2 , /(12^o 2 ) ' 



dt 2 



which can be solved as 



dt 



P (t) = C+c x+t + C_c A - t + 



-3H, 



^ 2f> (12H 2 ) 



Pit) 



3H 2 



/'(12^ 2 )' 



(33) 
reduces to 
(34) 



3H 2 



QH 2 f'{l2H 2 ) + f{l2H 2 )' 



, /(12gp 2 ) 



y 2/' (12# 2 ) ■ 

Here, the C± are constants of integration. Then, Eq. (|33|) gives 



6ff 2 / 3iJ 2 /' (12H 2 ) + / (I2i? 2 ) , „ _ x , , „ . , N 

- 702% 6^y ( i24) + /(i2^) + (HoA+ - Ho) c+e + + (ffoA - - ^ c+e 



(35) 



(36) 



In particular, in the case when the constants of integration vanish, C u = 0, both p(t) and p become constant, 
and then u> and V are given by 



oj = p + p 
V 



9H 2 (2H 2 f'(l2H 2 )+f(l2H 2 )) 
f(12H 2 )(6H 2 f'(12H 2 ) + f(12H 2 ))' 
p-p _ 3H 2 (6H$f (I2ff 2 ) + / (l2g 2 )) 
2 / (12tf 2 ) (6H 2 f (12i/ 2 ) + / (12ff 2 )) ■ 

We should not fix tp, and therefore <p is not a constant 

<P = t, 4> = y/ut + (po ■ 

Then the above de Sitter solution does not correspond to any of the four classes of dS solutions (|42]) for 
which the one-loop effective action is evaluated in the next section. 



(37) 
(38) 

(39) 



IV. ONE-LOOP QUANTIZATION AROUND A MAXIMALLY SYMMETRIC SPACE 

We will here perform the one-loop quantization of the (Euclidean) classical scalar model we have discussed 
above. One-loop contributions are certainly important, especially during the inflationary phase, but as it has 
been shown in [1 61 ] . they also provide a very powerful method in order to study the stability of the solutions. 

In accordance with the background field method, we consider small fluctuations (hij , ip) of the fields 
(gij,4>), around a maximally symmetric space. Then, 

9ij -> 9ij +Kj, <j> -* <P + P , Rijrs -* Rijrs + 0(Vhij) . (40) 

Here and in what follows gij is the metric of 50(4) and Rij rs the corresponding Ricmann tensor. Thus 



Rijrs = -r (9ir9j S ~ gisg ]r ) , Rij = ^9ij , R = 4A = const. 



(41) 
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As already said above, if the functions f(R) and V((f>) satisfy the conditions then {gij, <fi) is a classical 
solution of U) with constant (f> = c/)q and R = Rq. We can distinguish the following four cases: 



a) /(i? ) = 0, 

b) V'(<p )=0, 

c) /(0) = 0, 

d) V'{<M = O i 



/'(RoWdx,) = 1 , 

R - Rof'(Ro)V{cPo) + 2f(R )V(M = . 



Ro^O, 
Ro^O, 
Ro = 0, 
Ro = 0. 



(42) 



The last two cases correspond to Minkowski solutions. 

Now, we perform a Taylor expansion of the action around the SO(4) background manifold, up to second 
order in the small variables (hij,(p). A straightforward calculation [l7l. [l8l Tl9j for zero and second order 
contributions in the fields (hij,ip) and disregarding total derivatives yields, respectively, 



Co 



-R-fV =► /= / dx 4 ^C 

JSO(i) 



and 



£2 = - 



■—ft 
32 

3/T' 
16 



32 



817" (-A -| 



3f (_ A _« 

4 V 3 

2 



247r 2 [i? + y/(i?)] 

A 1 



(43) 



h+%V'<p 
4 



!7'S-A-f 



1? 



3f"V 



R 



-A 1 
/'V+l ] Act 



7? 



3/"V 



R + 2fV-f'RV ; k 



-A - 



I? 



7? 
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A - /V(-A + i?) + A + i? + 2/V 



Act 



4 



-A+^ + fV + f'V (-A-| 



(44) 



I being the classical action on 50(4). In contrast with Sect. ((TT|, here Vfc and A = g^VjVj represent the 
covariant derivative and the DAlembertian in the unperturbed metric gij, and all functions are evaluated 
on the background (gij,<fi). This means that / = f{R), /' = f'(R), and so on. 

For technical reasons we have also carried out the standard expansion of the tensor field hij in irreducible 
components [2(|, that is 



= hij + Vi|j + Vjii + VjVj-cr + i gij (h - A a) , 



(45) 



where a is the scalar component, while £j and hij are the vector and tensor components, respectively. They 
have the properties 



Vif = . 



Vih) = , 



. 



(46) 



Invariance under diffcomorphisms renders the operator in the (h, a) sector non-invertible. One needs to 
involve a gauge fixing term and a corresponding ghost compensating term. We will consider the class of 
gauge conditions: 



Xk = Vjhjk 



1 



V fc /i, 



parameterized by the real parameter p and, for gauge fixing, we choose the quite general form 21 1 



= j g^ + (3 g^ A , 



(47) 
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where the term proportional to 7 is the one normally used in Einstein's gravity. 
Finally, one also has to add the ghost Lagrangian [2l| 

. S\ k ■ 

£•> 



(48) 



where Ck and Bk are the ghost and anti-ghost vector fields, respectively, while 5 \ h is the variation of the 
gauge condition due to an infinitesimal gauge transformation of the field (details can be found in Refs. [Tt], 

&■ 

In order to compute the one-loop contributions to the effective action, one has to consider the path integral 
for the bilinear part C = £2 + C g f + C g h of the total Lagrangian and take into account the Jacobian due to 
the change of variables with respect to the original ones. In this way, we get [2(| [H| 



ZV> = (det G^r 1/2 J D[h ij ]D[C k ]D[B k ] exp (j d A x^gC 



(detGy)~ 1/2 det Jf 1 det J 2 1/2 



D[h}D[h tJ }D[^}D[a]D[C k }D[B k }D[c}D[b} exp / d A x^C , 



(49) 



where J\ and J2 are the Jacobians coming from the change of variables in the ghost and tensor sectors, 
respectively. They read [2lj ] 



Ji = A 0: 



R 



•h = -A 1 — - -Aq — — A 



R 



(50) 



while the determinant of the operator Gij acting on vectors in our gauge assumes the form (up to a constant) 



det d 



7 



ft 



det A 1 + ~ det A + — + ~ 



R 



7 



ft 



(51) 



and it is trivial in the simplest case, ft — 0. By A„ we indicate the Laplacians acting on transverse tensors 
fields of order n. 

A straightforward computation, disregarding zero modes of gravity and the multiplicative anomaly [23], 
leads to the one-loop contribution Z^(-/, [3, p) to the "partition function". The result is a very complicated 
expression depending on the gauge parameters. As is well known, on shell — that is, when one of the conditions 
in |42|) is satisfied — Z^ does not depend on the gauge. For the four possible cases we get, respectively, 



a) 


7(1) 


-shcll 


b) 


7 (1) 


shell 


c) 


7 (1) 
Z on- 


shell 


d) 


7 (1) 


-shell 



dct(-A i-Aq) 



det(-A 2 + § A ) 
dct(-A i-Aq) 



det(-A 2 + §A ) 
dct(-Ai)"! 1 / 2 



1/2 



[det(-A -|A 



-1/2 



1/2 



[det ( - A + V ") det ( - A o + M%] 



-1/2 



(52) 



det(-A 2 ) 
dct(-A 1) 



1/2 



det(-A 2 ) 

Here we have introduced an effective mass 

M n 2 



[det(-A + F ")r 1/2 



- f Vo - 4A 
6/^'AoVb 



(53) 



A = A = i?o/4, Ro being the solution of (|4*2")) , and f = f(Ro), Vq — V(4>a), and so on. We see that, in 
the second case (6), the scalar potential explicitly appears in the expression of the on-shell one-loop effective 
action. It looks like, in the first case (a), the scalar field does not give a contribution, but this is not so, 
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since in pure Einsteinian gravity with a cosmological constant the last term in equation (a) is not present. 
This is a contribution due to the non-minimal coupling between gravity and matter. 

From expressions in (|5l2|) one can obtain the stability condition of the corresponding de Sitter solution, 
by requiring that all Laplacian-like operators involved have no negative eigenvalues [161 ]. For example, the 
stability of de Sitter solution corresponding to the second case (6) is assured if Vq > and M§ > 0, which 



are the conditions one obtains by the classical expression (|13l) . On the contrary, the solution corresponding 
to the first case (a) is always unstable, in contrast with what one obtains from (|T5|) . But it has to be stressed 
that the classical condition (|13p has been derived by considering only homogeneous perturbations. 

As already explained above, the off-shell one-loop contribution to the partition function, in the most 
general case, is a very complicated expression we shall not write here explicitly. For the sake of simplicity 
we will restrict the gauge parameters by putting (3 — and we shall consider only the two special cases 
V(<t>) = V'{<p) = 0, V"{4>) ± and, alternatively, f(R) = 0, but f'{R) ^ 0, f"{R) ^ 0. In this way, the 
expression of ZW( 7 , 0, p) notably simplifies. We get 



Z«( 7 ,0,p) = det -A - 



4A 



det (-A i - A) 

8 
—i 

3 

det| _ Ao _ ^-;Hy-p)-] | det( _ Ao+n 





2" 


j det ^-A i - A 


1 




7. 



-1/2 



, (54) 



Z«( 7 ,0,p) = detf -A - 



4A 



3-p 
det | -A 2 - 



det 



det (-A i - A) 

4A(/'F - 2) 
Hf'V+1) 



4A\ , 
-A - — J det 



det -A i - A + 



2A(fv - 1; 

7 



-A - ^qij det f-A - ~ qi 



-1/2 



1-1/2 



(55) 



Here we have set R 



4A, since we are interested in the evaluation of the induced cosmological constant. 

c\q + cq = 0, where 



The quantities qi , q2 are the roots of the second-order algebraic equation q 2 

144(/T-l + 7 ) 24[fy-l+ 7 (3-p)] 



Co 



7(3 -Pf 



ci 



7(3 -P? 



(56) 



It is well known that the one-loop effective action in gravity, as well as in non-abelian gauge theories, is 
a gauge dependent one. One can use the gauge- fixing independent effective action (for a review, see [211 ] ) 
in order to solve gauge dependence problem. It is known that such gauge-fixing independent action agrees 
with the standard one computed in the Landau gauge ( 7 = oo,/3 = 0,p — 1) (but only in the one-loop 
approximation). Then, we write down the expressions (|54p and (|55p also in such a particular important 
gauge. We get, respectively, 



Z (1) (oo,0,l) = 



det (- A i - A) det (- A - 2A) 



-\ 1/2 



det(-A 2 + |A) det(-A + V") 



V(ct>) = = V'(ct>)=0, (57) 



Z«(oo,0,l) 



det (-A i - A) 



det -A: 



4A(/'V-2) 
3(f'V+l) 



1/2 



det 



-A0-3A 



-1/2 



f(R) = 0. (58) 



Thus, we have obtained the one-loop effective action for non-minimal modified gravity on the de Sitter 
background with a constant scalar field. 
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VACUUM ENERGY AND THE INDUCED COSMOLOGICAL CONSTANT 



In this section we will compute the induced cosmological constant for the last two cases, Eqs. (|54[)and (J55J), 
discussed in the previous section. We start with the first, Eq. (|54[) . which represents the one-loop contribution 
to the partition function of a massive scalar field with background solution <f> — 0, non-minimally coupled 
to gravity through the arbitrary function /, which depends on gravity through the scalar curvature. The 
only classical solution with constant curvature of this model is the Minkowskian one (Ao = 0), since we are 
dealing with the case (d) and, in fact, when A = Ao = we recover the last equation in ([52")) . In this case, the 
one-loop effective action has a solution with constant curvature R = 4A, A being the induced cosmological 
constant, which is related to the vacuum energy generated by the quantum fluctuations of the gravitational 
and scalar fields. In order to calculate this vacuum energy, we impose the one-loop effective action T to have 
a solution with constant curvature R = 4A. Correspondingly, A has to satisfy the equation 

or dji + rW) 

dA= OA =°' (59) 
where I is the classical action in (|4"5|) , and I^ 1 ) the one-loop contribution. They read 

'=-^ r(1) =-^C- (60) 

Of course, Eq. (|59|) applied to the classical action I gives rise (in our case) only to a vanishing cosmological 
constant Ao. 

The main part of the effective action, I^ 1 ), can be conveniently evaluated by making use of zeta-function 
regularization and, specifically, by computing the zeta- functions C(s\L n ) related to the differential-elliptic 
Laplace-like operators L n [23|, 0] ■ Using the same notations as in Ref. [13] , we get 

wn ^ f$ 12 \ „ /25\ 1^/25 6\ 1 /-15 
r (1) = Qo [- + + Qi -r - - Qi - Q 2 



where 



4 3- pj ^ \ 4 J 2" V 4 7 J 2"" \ 4 
1 (9 12[2( 7 -l)+ 7 (l-p) 2 ] \ I /9 3m 2 . 



Q n {a) = C' (0|i„/M 2 ) , L n = -A n - - (a - a n ) , (62) 



C'(0|i„) = lim — ((s\L n ) = -logdetL„, (63) 
s^o ds 

and m 2 = V", a a = 9/4, a x = 13/4, a 2 = 17/4. 

From (|5^)) . we obtain the equation for the induced cosmological constant A [20j. In order to get it, we first 
observe that, even when the Qn-functions do not explicitly depend on A, they provide contributions to the 
induced cosmological constant through the corresponding logarithmic term(see also Appendix in Ref. 191), 
since 

dQ n (a) F a (0) + b + b!a+ \b 2 a 2 da , BA . 

~^A~ = A + Q " {a) dA- (64) 

A trivial example of this kind is the one corresponding to pure Einstein gravity. For such case, rW is given 
by equation (|6ip without the last term on the right hand side. Then, none of the Qn-functions depends on 
a, and we get 
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where A^ is the induced cosmological constant one obtains in pure Einsteinian gravity, and Ce a gauge- 
dependent constant which can be easily computed in closed form by using (|61[) . (|64[) . It reads 

r , 7o + 717 + 727 2 lRe s 
Ce = 180 7 2 (3 - P y ■ (66) 



70 = -270(259 - 324 p + 162 p 2 - 36 p 3 + 3 p 4 , 

71 = 360(297 - 360 p + 176 p 2 - 36 p 3 + 3 p 4 , 

72 = -388719 + 537732 p- 282906 p 2 + 66948 p 3 + 6479 p 4 . (67) 

A formula for A analog to the one in (|65p is valid also in the presence of the scalar field when m = 0. In 
fact, in this case too the Q n -functions in (|6ip do not depend on A, and thus we obtain 

I = C^-TM = J_ 61 J_ 

A 192tt 2 A B 34560tt 2 A £ ' V ' 

From the latter equation we see that the contribution due to the coupling does not depend on the gauge 
parameters and it increases the cosmological constant, as compared to the one induced by pure Einsteinian 
gravity. 

If m ^ the last term in (j6~4"|) is non-vanishing and the equation for A is more complicated. We assume 
the parameter a to be sufficiently small order that the series can be dropped off. Then, we get 

<9F 192vr 2 Cb + tm 5m 2 m 2 , A n . 2 ,._ 

~dR = ~ 2 A^ + 4A 2 " - 2A 2 " bg V + ° im M) ' (69) 

It needs to be noticed that, in the limit m — > 0, the latter equation does not lead to (|68[) implying the 
presence of a zero mode. In fact, when m = 0, the last term in (|54|) has a zero-mode which has to be 
removed in the computation of the corresponding zcta-function. If in (|69[) we disregard the terms depending 
on m, then the contribution due to the coupling does not depend on the gauge parameters, as in the previous 
case, but in contrast with that case it decreases the cosmological constant A^. 

Let us now turn to the discussion of the second case, Eq. (|55p . which in general is more complicated than 
the previous one, due to the presence of the / function, which depends on A. In this case, the one-loop 
contribution to the effective action can be read off from (l55l). It has the form 



4 3-pJ V 4 / 2^ V 4 7 / 2^ V 4 f'V + l 



2 " V 4 / 2 V 4 J 2 

The computation simplifies in the case in which /' does not depend on A. This means that one considers only 
functions linear in the curvature. In such case, none of the arguments of the Q„-functions in (|70[) depends 
on A and thus, as in (|68|) . one gets 

dT _ 192tt 2 C _ 1 C 

~dk~~ 2 A ~ A ~ 192tt 2 ' ( ' 

where C — C(7, p, f'V) is a complicated function which, in principle, can be computed explicitly. Here we 
write it down only in the Landau gauge. 
Starting from (|58|) we have 

„ m 1 ^ /25\ 1^/33 12 \ 1 /25\ 
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and choosing again /' to be a constant we finally get 



1 

A 



G 



1927T 2 ' 



C 



43(/'V) 2 - 114/'V + 443 
20(/'V+l) 2 



(73) 



Thus, we have explicitly found the induced cosmological constant which may be relevant in the inflationary 
epoch, for several simple variants of non-minimal modified gravity. 



VI. INDUCED COSMOLOGICAL CONSTANT IN THE LARGE R LIMIT 



It is interesting to note that quantum corrections may indeed induce a de Sitter universe, which generates 
the inflationary phase. We then consider the one-loop effective action for a simple, specific model in the 
large- R limit. This means that we look for de Sitter solutions with very large curvature, which could in fact 
be induced by quantum corrections. In ([49]) . for simplicity, we set p = 0. 

We first consider a simple toy model, quadratic in the curvature, defined by f(R) — aR 2 , a being a 
constant. As it follows from (J6j> , such model has only one classical solution with constant curvature, which 
corresponds to Minkowski one(i?o = 0). In the large R — 4A limit, we trivially get 



from which it follows that 



Z«( 7) 0,p) ~ [det(-A +O] 



"M-l/2 



T = -38An 2 aV 



24tt 2 



'Ml 



W" 
A 



(74) 



(75) 



8T 192^ 2 5V" V" , A ,,,.,„,., 
M = ^ + 4A^-2A^ l0g V +0(r/A) ' 

and this implies that quantum corrections induce a de Sitter solution with large curvature 

384tt 2 ' 



R 3 f 5 

R= v exp U 



V" 



The solution is stable if V" > 0. 



As a second example, we choose f(R) = aR log §, a and P being constants. From 



a model has the following classical de Sitter solutions: 



1) 

2) 

3) 



Ro = 0, 
Ro = P , 



Vq arbitrary, 
V = 1/a , 

K ' = 0. 



The one-loop quantum corrections in the large R limit for this case give 

[V'(log(R/P) l)] 2 



Z«( 7 ,0, P ) 



det -A 



V" 



-1/2 



Now, we obtain 



(76) 



(77) 



it follows that such 



(78) 



r = — 



24tt 2 



A 



l + 4ayiog-j--Q ( i - — 



V\og{R/P) 

3[F'(log(4A//3) - l)] 2 



AV\og(Ak/P) 



(79) 



(80) 
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dr 

dA 



967r 2 aV 24tt 2 / , 4A 



-1.53+ (log f 



6.59 -3 log ^ 



log ^+ log f (-2.53 + log 



(V) 



ry2 



2A 2 V (logf) 
(log f ) 3 (-2.53 + log ^) (V'f + (log f )' 



-2.53 + log ) VV" 



2A 2 V ( log M 



1.32 (log f-2.1l) (logf - 




(log 


. 4A 
' 


+ 0.36^ 


(V) 2 + 


1.32 (log VV" 


2Alogf 


(log 


4A 

a 




V) 2 


+ VV" 





(81) 



One can see (graphically) that there are values of R = 4A for which the latter expression vanishes. In 
particular, for very large R the last term is dominant and log(4A//3) can be derived in closed form as a 
function of the potential and its derivatives. In this way we get a de Sitter solution induced by quantum 
corrections, which is unstable for suitable potentials and could describe the inflationary phase of the universe. 
Thus, we have demonstrated that quantum effects in non-minimal gravity may induce a large cosmological 
constant which produces the de Sitter inflation. 



VII. CONCLUSION 



In summary, we have discussed in this paper non-minimal modified gravity and its availability for the 
description of the early- and late-time eras of our universe. The one-loop effective action in the de Sitter 
background with a constant background scalar field was found. Its gauge-fixing independent version has also 
been obtained. Using the one-loop effective action we derived the effective induced cosmological constant, 
which may be responsible for inducing the early-time de Sitter epoch. Moreover, it turns out that in some 
cases when there is no classical de Sitter universe solution, the one-loop quantum effects induce the de Sitter 
space at the quantum-corrected level. The classical reconstruction scheme for non-minimal modified gravity 
was developed and it was demonstrated that, by using such a scheme, one can present a convenient model 
which unifies early-time inflation with late-time acceleration. 

It would be interesting to exhibit realistic models of such unification which turns out to be quite com- 
plicated in its explicit form. Then, the one-loop calculation may give a way to estimate the precise role of 
quantum corrections in the early-time inflation. Unfortunately, to realize this program one has to carry out 
the explicit one-loop calculation on the de Sitter background with a dynamical background scalar, what is 
not the easy task. In the present work we have been able to do such calculation only in the case when the 
background scalar is constant. 

/From another side, the quantum effects of non-minimal modified gravity may be relevant also in the 
future for the models which develop the classical finite-time singularity. It is to be expected that, in analogy 
with the results in Refs. [Ill [26| such quantum gravity effects will drive the future universe to the de Sitter 
era before the singularity occurs.. In this respect, the one-loop calculation on the de Sitter background can 
be also relevant for the future dark energy epoch. 
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